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9.6 The Pythagorean Theorem
Pythagoras was a Greek mathematician and philosopher, born on the island of Samos
(ca. 582 BC). He founded a number of schools, one in particular in a town in southern Italy called Crotone, whose members eventually became
known as the Pythagoreans. The inner circle at the school,
the Mathematikoi, lived at the school, rid themselves of all
personal possessions, were vegetarians, and observed a strict
vow of silence. They studied mathematics, philosophy, and
music, and held the belief that numbers constitute the true
nature of things, giving numbers a mystical or even spiritual
quality.
Today, nothing is known of Pythagoras’s writings, perhaps due to the secrecy and silence of the Pythagorean society. However, one of the most famous theorems in all of
mathematics does bear his name, the Pythagorean Theorem.

Pythagoras.

Pythagorean Theorem. Let c represent the length of the hypotenuse, the side
of a right triangle directly opposite the right angle (a right angle measures 90◦ ) of
the triangle. The remaining sides of the right triangle are called the legs of the
right triangle, whose lengths are designated by the letters a and b.

c

b

a
The relationship involving the legs and hypotenuse of the right triangle, given by
a2 + b2 = c2 ,

(1)

is called the Pythagorean Theorem.
Note that the Pythagorean Theorem can only be applied to right triangles.
Let’s look at a simple application of the Pythagorean Theorem (1).
I Example 2. Given that the length of one leg of a right triangle is 4 centimeters
and the hypotenuse has length 8 centimeters, find the length of the second leg.
Let’s begin by sketching and labeling a right triangle with the given information.
We will let x represent the length of the missing leg.
1
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8 cm

4 cm

x
Figure 1.
bit easier.

A sketch makes things a

Here is an important piece of advice.
Tip 3. The hypotenuse is the longest side of the right triangle. It is located directly opposite the right angle of the triangle. Most importantly, it is the quantity
that is isolated by itself in the Pythagorean Theorem.
a2 + b2 = c2
Always isolate the quantity representing the hypotenuse on one side of the equation. The legs go on the other side of the equation.
So, taking the tip to heart, and noting the lengths of the legs and hypotenuse in
Figure 1, we write
42 + x2 = 82 .
Square, then isolate x on one side of the equation.
16 + x2 = 64
x2 = 48
Normally, we would take plus or minus the square root in solving this equation, but x
represents the length of a leg, which must be a positive number. Hence, we take just
the positive square root of 48.
√
x = 48
Of course, place your answer in simple radical form.
√ √
x = 16 3
√
x=4 3
If need be, you can use your graphing calculator to approximate this length. To the
nearest hundredth of a centimeter, x ≈ 6.93 centimeters.
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Proof of the Pythagorean Theorem
It is not known whether Pythagoras was the first to provide a proof of the Pythagorean
Theorem. Many mathematical historians think not. Indeed, it is not even known if
Pythagoras crafted a proof of the theorem that bears his name, let alone was the first
to provide a proof.
There is evidence that the ancient Babylonians were aware of the Pythagorean
Theorem over a 1000 years before the time of Pythagoras. A clay tablet, now referred
to as Plimpton 322 (see Figure 2), contains examples of Pythagorean Triples, sets of
three numbers that satisfy the Pythagorean Theorem (such as 3, 4, 5).

Figure 2.

A photograph of Plimpton 322.

One of the earliest recorded proofs of the Pythagorean Theorem dates from the
Han dynasty (206 BC to AD 220), and is recorded in the Chou Pei Suan Ching (see
Figure 3). You can see that this figure specifically addresses the case of the 3, 4, 5
right triangle. Mathematical historians are divided as to whether or not the image was
meant to be part of a general proof or was just devised to address this specific case.
There is also disagreement over whether the proof was provided by a more modern
commentator or dates back further in time.
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However, Figure 3 does suggest a path
we might take on the road to a proof of
the Pythagorean Theorem. Start with
an arbitrary right triangle having legs
of lengths a and b, and hypotenuse having length c, as shown in Figure 4(a).
Next, make four copies of the triangle shown in Figure 4(a), then rotate
and translate them into place as shown
in Figure 4(b). Note that this forms a
big square that is c units on a side.

Figure 3.
Ching.

A figure from the Chou Pei Suan

Further, the position of the triangles in Figure 4(b) allows for the formation of a smaller, unshaded square in the middle of the larger square. It is not hard
to calculate the length of the side of this smaller square. Simply subtract the length of
the smaller leg from the larger leg of the original triangle. Thus, the side of the smaller
square has length b − a.

c

c

c

b−
b

a

a
c

c

(a)

(b)

Figure 4.

Proof of the Pythagorean Theorem.

Now, we will calculate the area of the large square in Figure 4(b) in two separate
ways.
•

First, the large square in Figure 4(b) has a side of length c. Therefore, the area of
the large square is
Area = c2 .

•

Secondly, the large square in Figure 4(b) is made up of 4 triangles of the same size
and one smaller square having a side of length b − a. We can calculate the area of
the large square by summing the area of the 4 triangles and the smaller square.
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1. The area of the smaller square is (b − a)2 .
2. The area of each triangle is ab/2. Hence, the area of four triangles of equal size
is four times this number; i.e., 4(ab/2).
Thus, the area of the large square is
Area = Area of small square + 4 · Area of triangle
 
ab
2
.
= (b − a) + 4
2
We calculated the area of the larger square twice. The first time we got c2 ; the
second time we got (b − a)2 + 4(ab/2). Therefore, these two quantities must be equal.
 
ab
2
2
c = (b − a) + 4
2
Expand the binomial and simplify.
c2 = b2 − 2ab + a2 + 2ab
c2 = b2 + a2
That is,
a2 + b2 = c2 ,
and the Pythagorean Theorem is proven.

Applications of the Pythagorean Theorem
In this section we will look at a few applications of the
Pythagorean Theorem, one of the most applied theorems in
all of mathematics. Just ask your local carpenter.
The ancient Egyptians would take a rope with 12 equally
spaced knots like that shown in Figure 5, and use it to
square corners of their buildings. The tool was instrumental
in the construction of the pyramids.
The Pythagorean theorem is also useful in surveying, cartography, and navigation, to name a few possibilities.
Let’s look at a few examples of the Pythagorean Theorem
in action.

Figure 5. A basic 34-5 right triangle for
squaring corners.

I Example 4. One leg of a right triangle is 7 meters longer than the other leg. The
length of the hypotenuse is 13 meters. Find the lengths of all sides of the right triangle.
Let x represent the length of one leg of the right triangle. Because the second leg
is 7 meters longer than the first leg, the length of the second leg can be represented by
the expression x + 7, as shown in Figure 6, where we’ve also labeled the length of the
hypotenuse (13 meters).
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x+7

x

13

Figure 6. The second leg is 7 meters
longer than the first.
Remember to isolate the length of the hypotenuse on one side of the equation representing the Pythagorean Theorem. That is,
x2 + (x + 7)2 = 132 .
Note that the legs go on one side of the equation, the hypotenuse on the other. Square
and simplify. Remember to use the squaring a binomial pattern.
x2 + x2 + 14x + 49 = 169
2x2 + 14x + 49 = 169
This equation is nonlinear, so make one side zero by subtracting 169 from both sides
of the equation.
2x2 + 14x + 49 − 169 = 0
2x2 + 14x − 120 = 0
Note that each term on the left-hand side of the equation is divisible by 2. Divide both
sides of the equation by 2.
x2 + 7x − 60 = 0
Let’s use the quadratic formula with a = 1, b = 7, and c = −60.
p
√
−7 ± 72 − 4(1)(−60)
−b ± b2 − 4ac
=
x=
2a
2(1)
Simplify.
√
−7 ± 289
x=
2
Note that 289 is a perfect square (172 = 289). Thus,
x=

−7 ± 17
.
2

Thus, we have two solutions,
x = 5 or x = −12.
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Because length must be a positive number, we eliminate −12 from consideration. Thus,
the length of the first leg is x = 5 meters. The length of the second leg is x + 7, or 12
meters.
Check. Checking is an easy matter. The legs are 5 and 12 meters, respectively,
and the hypotenuse is 13 meters. Note that the second leg is 7 meters longer than the
first. Also,
52 + 122 = 25 + 144 = 169,
which is the square of 13.
The integral sides of the triangle in the previous example, 5, 12, and 13, are an
example of a Pythagorean Triple.
Pythagorean Triple. A set of positive integers a, b, and c, is called a
Pythagorean Triple if they satisfy the Pythagorean Theorem; that is, if
a2 + b2 = c2 .
If the greatest common factor of a, b, and c is 1, then the triple (a, b, c) is called a
primitive Pythagorean Triple.
Thus, for example, the Pythagorean Triple (5, 12, 13) is primitive.
Let’s look at another example.
I Example 5. If (a, b, c) is a Pythagorean Triple, show that any positive integral
multiple is also a Pythagorean Triple.
Thus, if the positive integers (a, b, c) is a Pythagorean Triple, we must show that
(ka, kb, kc), where k is a positive integer, is also a Pythagorean Triple.
However, we know that
a2 + b2 = c2 .
Multiply both sides of this equation by k 2 .
k 2 a2 + k 2 b2 = k 2 c2
This last result can be written
(ka)2 + (kb)2 = (kc)2 .
Hence, (ka, kb, kc) is a Pythagorean Triple.
Hence, because (3, 4, 5) is a Pythagorean Triple, you can double everything to get
another triple (6, 8, 10). Note that 62 + 82 = 102 is easily checked. Similarly, tripling
gives another triple (9, 12, 15), and so on.
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In Example 5, we showed that (5, 12, 13) was a triple, so we can take multiples to
generate other Pythagorean Triples, such as (10, 24, 26) or (15, 36, 39), and so on.
Formulae for generating Pythagorean Triples have been know since antiquity.
I Example 6. The following formula for generating Pythagorean Triples was published in Euclid’s (325–265 BC) Elements, one of the most successful textbooks in the
history of mathematics. If m and n are positive integers with m > n, show
a = m2 − n 2 ,
b = 2mn,
2

(7)

2

c=m +n ,
generates Pythagorean Triples.
We need only show that the formulae for a, b, and c satisfy the Pythagorean Theorem. With that is mind, let’s first compute a2 + b2 .
a2 + b2 = (m2 − n2 )2 + (2mn)2
= m4 − 2m2 n2 + n4 + 4m2 n2
= m4 + 2m2 n2 + n4
On the other hand,
c2 = (m2 + n2 )2
= m4 + 2m2 n2 + n4 .
Hence, a2 + b2 = c2 , and the expressions for a, b, and c form a Pythagorean Triple.
It is both interesting and fun to generate Pythagorean Triples with the formulae
from Example 6. Choose m = 4 and n = 2, then
a = m2 − n2 = (4)2 − (2)2 = 12,
b = 2mn = 2(4)(2) = 16,
c = m2 + n2 = (4)2 + (2)2 = 20.
It is easy to check that the triple (12, 16, 20) will satisfy 122 + 162 = 202 . Indeed, note
that this triple is a multiple of the basic (3, 4, 5) triple, so it must also be a Pythagorean
Triple.
It can also be shown that if m and n are relatively prime, and are not both odd or
both even, then the formulae in Example 6 will generate a primitive Pythagorean
Triple. For example, choose m = 5 and n = 2. Note that the greatest common divisor
of m = 5 and n = 2 is one, so m and n are relatively prime. Moreover, m is odd while
n is even. These values of m and n generate
a = m2 − n2 = (5)2 − (2)2 = 21,
b = 2mn = 2(5)(2) = 20,
c = m2 + n2 = (5)2 + (2)2 = 29.
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Note that
212 + 202 = 441 + 400
= 841
= 292 .
Hence, (21, 20, 29) is a Pythagorean Triple. Moreover, the greatest common divisor of
21, 20, and 29 is one, so (21, 20, 29) is primitive.
The practical applications of the Pythagorean Theorem are numerous.
I Example 8. A painter leans a 20 foot ladder against the wall of a house. The
base of the ladder is on level ground 5 feet from the wall of the house. How high up
the wall of the house will the ladder reach?
Consider the triangle in Figure 7. The hypotenuse of the triangle represents the
ladder and has length 20 feet. The base of the triangle represents the distance of the
base of the ladder from the wall of the house and is 5 feet in length. The vertical leg
of the triangle is the distance the ladder reaches up the wall and the quantity we wish
to determine.

20

h

5
Figure 7. A ladder leans against the
wall of a house.
Applying the Pythagorean Theorem,
52 + h2 = 202 .
Again, note that the square of the length of the hypotenuse is the quantity that is
isolated on one side of the equation.
Next, square, then isolate the term containing h on one side of the equation by
subtracting 25 from both sides of the resulting equation.
25 + h2 = 400
h2 = 375
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We need only extract the positive square root.
√
h = 375
√
We could place the solution in simple form, that is, h = 5 15, but the nature of the
problem warrants a decimal approximation. Using a calculator and rounding to the
nearest tenth of a foot,
h ≈ 19.4.
Thus, the ladder reaches about 19.4 feet up the wall.

The Distance Formula
We often need to calculate the distance between two points P and Q in the plane.
Indeed, this is such a frequently recurring need, we’d like to develop a formula that
will quickly calculate the distance between the given points P and Q. Such a formula
is the goal of this last section.
Let P (x1 , y1 ) and Q(x2 , y2 ) be two arbitrary points in the plane, as shown in
Figure 8(a) and let d represent the distance between the two points.

y

y

Q(x2 , y2 )

Q(x2 , y2 )

d

d
x
P (x1 , y1 )

P (x1 , y1 )

(a)
Figure 8.

|x2 − x1 |

|y2 − y1 |
x

R(x2 , y1 )

(b)
Finding the distance between the points P and Q.

To find the distance d, first draw the right triangle 4P QR, with legs parallel to the
axes, as shown in Figure 8(b). Next, we need to find the lengths of the legs of the
right triangle 4P QR.
•

The distance between P and R is found by subtracting the x coordinate of P from
the x-coordinate of R and taking the absolute value of the result. That is, the
distance between P and R is |x2 − x1 |.

•

The distance between R and Q is found by subtracting the y-coordinate of R from
the y-coordinate of Q and taking the absolute value of the result. That is, the
distance between R and Q is |y2 − y1 |.

Version: Fall 2007

Section 9.6

The Pythagorean Theorem 969

We can now use the Pythagorean Theorem to calculate d. Thus,
d2 = (|x2 − x1 |)2 + (|y2 − y1 |)2 .
However, for any real number a,
(|a|)2 = |a| · |a| = |a2 | = a2 ,
because a2 is nonnegative. Hence, (|x2 − x1 |)2 = (x2 − x1 )2 and (|y2 − y1 |)2 = (y2 − y1 )2
and we can write
d2 = (x2 − x1 )2 + (y2 − y1 )2 .
Taking the positive square root leads to the Distance Formula.
The Distance Formula. Let P (x1 , y1 ) and Q(x2 , y2 ) be two arbitrary points in
the plane. The distance d between the points P and Q is given by the formula
p
d = (x2 − x1 )2 + (y2 − y1 )2 .
(9)
The direction of subtraction is unimportant. Because you square the result of the
subtraction, you get the same response regardless of the direction of subtraction (e.g.
(5 − 2)2 = (2 − 5)2 ). Thus, it doesn’t matter which point you designate as the point
P , nor does it matter which point you designate as the point Q. Simply subtract xcoordinates and square, subtract y-coordinates and square, add, then take the square
root.
Let’s look at an example.
I Example 10.

Find the distance between the points P (−4, −2) and Q(4, 4).

It helps the intuition if we draw a picture, as we have in Figure 9. One can now
take a compass and open it to the distance between points P and Q. Then you can
place your compass on the horizontal axis (or any horizontal gridline) to estimate the
distance between the points P and Q. We did that on our graph paper and estimate
the distance d ≈ 10.

y
Q(4, 4)

d
x
P (−4, −2)

Figure 9. Gauging the
P (−4, −2) and Q(4, 4).

distance

between
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Let’s now use the distance formula to obtain an exact value for the distance d. With
(x1 , y1 ) = P (−4, −2) and (x2 , y2 ) = Q(4, 4),
p
d = (x2 − x1 )2 + (y2 − y1 )2
p
= (4 − (−4))2 + (4 − (−2))2
p
= 82 + 62
√
= 64 + 36
√
= 100
= 10.
It’s not often that your exact result agrees with your approximation, so never worry if
you’re off by just a little bit.
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